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The surface of a 3D topological insulator is a new type of two dimensional electron gas (2DEG).
The exactly quantized magneto-optical or axionic response of a 3D topological insulator is a direct
result of the Berry phase protected spin-momentum locked states on its surface. (Viewpoint on PRL
105, 057401 (2010))
PACS numbers:
The excitation of macroscopic quantum matter often
occurs in lumps: The amount of magnetic flux that
pierces a superconductor can only increase in units of
the flux quantum of h/2e; the conductance of a two-
dimensional electron gas in a magnetic field is quantized
in units of e2/h (the conductance quantum). Now, writ-
ing in Physical Review Letters [1], Wang-Kong Tse and
Allan H. MacDonald of the University of Texas at Austin,
US, present theoretical calculations that show that the
magneto-optical response of a three-dimensional topo-
logical insulator - an otherwise nonconducting material
with a band structure that gives rise to conducting states
along its surface - is quantized in units of the vacuum fine-
structure constant, α=e2/~c=1/137. Their finding is an
example of how the exotic properties of topological order
in a three-dimensional solid lead to an exactly quantized
excitation [2–13].
The most well-known example of a topological phase
is a 2D electron gas at low temperatures and in a high-
magnetic field, which has a quantized Hall conductance.
However, the conducting states on the surface of a 3D
topological insulator, while bearing some similarities to
those in the 2D case, are a new state of matter [11–17].
Theorists are therefore keen to describe the exotic physi-
cal properties of 3D topological insulators, which should
exhibit new quantization rules, and predict the ways in
which they can be observed in experiments.
The distinction between topological insulators and
conventional band insulators is evident in the space that
contains their allowed wave functions, i.e., the Hilbert
space. In some sense, topological insulators are defined
by the fact that their Hilbert space topology cannot be
easily perturbed to destroy the wave functions on the
surface. Hence the surface electron modes are protected.
In the simplest description, the surface electron modes
of a topological insulator are arranged in a single Dirac
cone - the linear dispersion that describes massless par-
ticles - with a vortexlike spin arrangement (Fig.1). The
circulating structure of the spins contributes a Berry’s
phase of pi to the electronic (or hole) wave function [3–6]
(recall that a spin-1/2 particle must undergo two com-
plete rotations to acquire a phase of 2pi). The Berry’s
FIG. 1: A new type of 2DEG: The energy vs momentum
of the states on the surface of a 3D topological insulator forms
a spin-textured Dirac cone. The red curve is a slice through
this cone, measured with photoemission from the surface of
the topological insulator Bi2Se3. (Inset) Schematic of the
full Dirac cone and the circulation of the spin states (yellow
arrows) associated with each momentum state. The spin cir-
culation pattern leads to a Berry’s phase of pi. (Illustration:
Reproduced from Hsieh et.al., [5]).
phase protects these surface states against backscatter-
ing from disorder and impurities and dictates new topo-
logical quantization rules [15, 16].
The spin vortex like pattern on the surface of a topo-
logical insulator exists in the presence of time reversal
symmetry, but when this symmetry is broken - say, due
to the presence of a magnetic field - a gap will open in the
Dirac spectrum that disrupts the spin-texture. This can
lead to unusual electromagnetic and magnetotransport
effects in a topological insulator.
These effects can be quite spectacular when a magnetic
field is applied perpendicular to the surface of a topolog-
2ical insulator. A magnetic field will induce Landau levels
- the quantized states that give rise to the quantum Hall
effect - to appear in the surface electronic spectrum. The
Landau levels for Dirac electrons are special, however,
because a Landau level is guaranteed to exist at exactly
zero energy. Since the Hall conductivity σxy increases by
a conductivity quantum of e2/h when the Fermi energy
crosses a Landau level, the presence of a Landau level at
zero energy means the conductivity must be half-integer
quantized: σxy=(n+ 1/2)e
2/h.
This behavior has been famously demonstrated in ex-
periments on graphene, except that the Dirac points in
graphene have a fourfold spin and valley degeneracy,
which means the observed Hall conductivity is still inte-
ger quantized. At the surface of a bulk topological insu-
lator, however, there is only a single spin-polarized Dirac
cone (i.e., one that circulates in a particular direction)
that carries Berry’s phase (Fig. 1). This “fractional”
integer quantized Hall state [σxy=(1/2)e
2/h for n=0] on
the surface should be a cause for concern because the
integer quantized Hall effect is always associated with
chiral edge states (as opposed to helical surface states)
and can only be integer quantized. The resolution is the
mathematical fact that a surface cannot have a bound-
ary. If the topological insulator is shaped like a slab (Fig.
2), the top surface and bottom surface are necessarily
connected to each other, and will always be measured
in parallel in transport, doubling the 1/2. The top and
bottom can share a single chiral edge state, which carries
the integer quantized Hall current.
A similar surface quantum Hall effect, known as the
anomalous quantum Hall effect, can be induced with the
proximity to a magnetic insulator. A magnetic field -
say, from a nearby thin magnetic film - on the surface
of a topological insulator lifts the spin degeneracy at the
surface Dirac point. If the Fermi energy is in this induced
energy gap, this leads to a half-integer quantized Hall
conductivity σxy=(1/2)e
2/h (Fig. 2) due to the Berry’s
phase of pi on the topological surface.
To induce such a gap, Tse and MacDonald propose to
place a thick film of a topological insulator between two
ferromagnets. They then consider the electromagnetic
response of a helical (spin-momentum locked) Dirac gas
in a half-integer quantized Hall state. They showed that
under such conditions, the polarization of light trans-
mitted through a 3D topological insulator would always
be rotated by a fixed angle of tan−1(α): rotation by any
arbitrary angle is not possible. The flip side of this trans-
mission or “Faraday effect” is a quantized “Kerr effect”,
where light reflected from the surface has its polarization
rotated by a fixed amount of tan−1(1/α). The only re-
quirement is that the light be at a frequency lower than
the topological insulator band gap and the induced mag-
netic gap on the Dirac states.
This unusual optical response of 3D topological insu-
lators comes from a combination of cavity confinement
and the Hall conductivity of spin-helical Dirac modes on
the surface: The incident light can only induce quantized
FIG. 2: Magneto-optical effect in a 3D topological insulator
(TI). (Top) Applying a weak magnetic field to the surfaces of
a 3D topological insulator (blue slab) causes an energy gap
to open in the spectrum of electronic surface states (grey).
This amounts to a half-integer Hall conductivity (σxy) on
each of its surfaces. (Bottom) The rotation of light that is
reflected from (Kerr effect) or transmitted through (Faraday
effect) a 3D topological insulator in a magnetic field is given
by arctan(1/α) and arctan(α), respectively. These angles are
independent of material details. E0, ER, and ET represent in-
cident, reflected, and transmitted beams. θF and θK are the
Faraday and Kerr angles, respectively. (Illustration: Alan
Stonebraker)
currents with a certain spin helicity, which in turn affects
the reflected and transmitted light. The fine structure
constant α dictates the coupling between the quantized
currents and the electromagnetic wave. The Kerr rota-
tion of tan−1(1/α)∼tan−1(137) ∼ pi/2 suggests that po-
larization of the reflected light should exhibit a striking
full-quarter rotation relative to the incident polarization
direction of the light beam (Fig. 2).
The effect Tse and MacDonald predict is effectively in-
sensitive to the precise value of the gap as long as it is
finite, since one can always choose a lower frequency of
the incident light. Working with far infrared light, these
conditions are adequately met in the topological insula-
tor Bi2Se3 [4, 5]. This highly tunable material features
almost ideal Dirac quasiparticle helical spin modes that
are locked in by the Berry’s phase of pi, as in Fig. 1. The
surface modes are well protected within a large band gap
(∼ 0.3 eV). To measure the magneto-optical effects di-
rectly, a film of Bi2Se3 would have to be thick enough
that the surface electrons do not tunnel between the top
and bottom surfaces, but films of this thickness could, in
principle, be grown using molecular beam epitaxy.
Tse and MacDonald’s proposal for measuring topolog-
ical quantization in units of the vacuum fine structure
constant α = e2/~c could lead to a new metrological
standard for fundamental physical constants [12, 14–17].
In addition, observing topological quantization in Bi2Se3
would be confirmation, independent of spin-resolved pho-
toemission, that topological order can exist in “ordinary”
bulk solids. In the long run, classifying bulk solids in
terms of topological quantization may turn out to be a
more powerful method of identifying phases of matter
beyond the standard Landau paradigm, which is based
on the idea of spontaneously broken symmetry. Perhaps
the most significant “effect” is that which the discovery
3of topological insulator states has had on research itself:
physicists can now study the interplay of “topological
order”and “broken-symmetry order” in real experiments
and with real materials that are, in principle, accessible
to anyone [11].
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